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Abstract

This paper describes the application of a general mathematical method to the iden-
tification of low-frequency loudspeaker systems. Third-order Volterra series are applied
to match the measured harmonic distortion responses of three commercial low-frequency
loudspeaker systems with simulation results. This allows to compute the non-linear pa-
rameters of the loudspeaker, used within standard physical models. The proposed approach
can be used as a general method to define loudspeaker dynamic models, exploiting standard
acoustic pressure measurements, instead of displacement variation [1].

1 Loudspeaker modeling

Until now loudspeakers have been modeled, following the well-known Small-Thiele approach
[2], that describes their behavior at low frequencies and small input power, and produces a linear
transfer function. Unfortunately it does not match our requirements; first of all because it is a
liner model and moreover as it does not describe accurately real Sound Pressure Level (SPL)
curves.

In the following the Small-Thiele model will be considered, extending it by introducing the
displacement dependence in the electrical and mechanical parameters. This allows to obtain an
effective relationship between the electrical input and the acoustic output. Therefore we assume
that the following equations hold.

e(t) — Ri(t) — L(:c)d;(tt) = Bi(2)a(t)
U(t) = S,z(t)

F(t) — Rp2(t) — Mpi — K(z)z = p(t)S:

e &
p(t) = S, A%~ + §,B=— (1)

dt3 dt?
*This work was supported by ASK Industries and by EC under ESPRIT ESD project 28.583.

1



Moreover we assume that the dependance on the displacement of the force factor Bl and of
the suspension stiffness K can be approximated by a second-order Taylor series.

Bl(z) = Bl0/(az®+ Bz +1) (2)
K(z) = KO(yz?’+dz+1) 3)

Then the set of equations which characterize loudspeaker behavior becomes a set of non-
linear relationships. In order to describe non-linear systems some general structures have been
presented in literature [3], [4], [5], [6]. Among them, the Volterra series expansion seems to be
a useful tool to describe weakly non-linear systems.

2 Non-linear system theory

A general non-linear system is defined an homogeneous n-order system if its input/output rela-
tionship can be expressed as

y(t) = /oo h(t — o1,t — 03, ..., t — 0p) X

=—00

xu(oy)u(oz)...u(on)doydos...doy, 4

where h(oy, 0, ..., 0,) is defined kernel of the system and fully identifies the same, u(t) is the
input and y(t) is the output of the system.

Given an n-oder system it is possible to describe it in the transformation domain by means of
the Laplace transformation L[]. In the following capital letters identify the Laplace transformed
variables.

It can be easily proofed that

Yo (51,82, ey 8n) = Hu(s1, 825, 82)U(s1)U(51)...U (1)
where
H, (31,82, ..., $n) = L|h(01, 02, ..., 00)]

is called system transfer function.

Moreover it can be proofed that by knowing
Y, (51,82, ..., S ) the Laplace transformation of the output Y (s) can be computed. This is termed
“variables association”.

It is well known that the exponential function is an eigenfunction of a linear system, and that
the knowledge of the response of the linear system to an exponential function fully characterize
the system’s behavior.

This propriety can be extended to an homogeneous system, for which it can be proofed that
the response to

u(t) = Ae?
is
y(t) = A"H,(p,p,...,p)e""".
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Nevertheless when n > 1, in order to characterize the system’s behavior is necessary to know
the response to a sum of n exponential function

u(t) = ArePt + Azet + ... + ApePt
A system transfer function H,, is defined symmetric if
H, (01,02, ...,00) = Hp(02,01,...,0,) = ...

for any possible permutation of o;.

Another important propriety of the kernels is that it can be proofed that it is always possible
to write h, and H, in a symmetric way, without affecting the system’s behavior.

A kernel h,, is defined symmetric if

hn(t17t27 »tn) = hn(t%tla atn) = .

for any possible permutation of ¢;.

Hereafter we will consider 3-order system. In this case the response of the system to the
sum of three exponential function can be expressed, exploiting the symmetric propriety, as a
combination of Hzsym:

y(t) = Hasym(p1,p2,p3)e’" +
Hisym (p1, P2, p3)e’™" +
Hisym (p1, P2, p3)e’™t +
3Hzsym(p1, P15 P2

P1,P1,P3)€

D, pa, p1 )€Y 4

) 2p1t+pat +

Je

)
P2 P2, pa)e PP

)

)

)

2P1t+Psi

p3, p3, p1 )€ PP 4
2P3t+P2t

P3,pP3,P2)€
P1, P2, P3 6P1t+pzt+p3t (5)

w

w

&

&

3
e e an e T

2.1 Polynomial systems

A general non-linear system is defined an N-order polynomial system if its input/output rela-
tionship can be expressed as

N 00

y(t) = Z/n ho(t = o1,t — 0, ..., t — 0p) X

n=1 =—00

xu(oy)u(oz)...u(o,)doydosy...doy,

where hi(01), ha(01,02), ..., An(01,02, . .., 05) are defined respectively 1-order, 2-order, ...,
N-order kernels.

Then a polynomial system can be represented by N homogeneous system in parallel (fig.
1), for each of which the propriety previously discussed holds, and it is termed Volterra series.
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hy(t1,)

hy(tit, 1)

e N oC

t—— h(t... 1)

Figure 1: Block diagram of Volterra series expansion.

This mathematical representation combines the modeling issues of the convolution operator and
of the Taylor series to provide an effective non-linear model which includes memory effects.
As previosly mentioned the knowledge of the kernels is all that is required to characterize the
system. The extension of the series over an infinite order is impractical, but a finite Volterra
series (often termed Volterra filter) is proved to be a valid approximation for a wide class of
systems [7].

Measuring the Volterra kernels of a system is a difficult task, and it has been approached
using a number of different test stimuli. Gaussian white noise was first used [8] to give a Volterra
series model with a cross-correlation method proposed by Wiener [9]. Unfortunately the cross-
correlation method relies upon the statistical averaging properties of the GWN which gives rise
to impractically long measurement periods [10]. Typically the model of a loudspeaker may
require hundreds of thousands of coefficients to represent it [11], whereas the proposed method
relies only on standard SPL measurements and varies the four parameters previously defined in

2).

3 Loudspeaker modeling with Volterra series

Hereafter we assume that the loudspeaker can be characterized with a 3-order polynomial sys-
tem [9]. Under these hypothesis the displacement z(¢) response to the input

u(t) = eft 4 P 4 ... + Pt

can be expressed with the sum of the responses of the three homogeneous systems in parallel.
Then the following relationship holds:

:C(t) - Hlsym(pl)eplt _I_ Hlsym(p2)6p2t + HZsym(pl,pl)ezplt +
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Hosym (P2, P2) €% + 2Hogym (p1, p2)ePr 72! +
Hasym(p1, P1, p1)€%P + Hasym (P2, P2, p2) €™ +
Hioym(p3, P3, P3) €% + 3Hzgym (p1, p1, p2)€2P1FP28 4
3Hssym (P1,P1, Ps)™ 72 + 3Hasym (P2, P2, p1)e 771 +
3 Hsoym (P2, P2, P3)€2P214P5¢ 4+ 3Hy o (ps, pa, py ) €274t 4
3 Hssym (P3, P3, P2) €472 + 6 Hagym (p1, P2, p3)ePriTPeitest

We define ¢100, g110 and g111, ... such as

z(t) = gl00eP* 4+ g010e™* + g001e™" +
g1106p1t+p2t + 91016p1t+p3t + 90116p2t+p3t +
glllemt+p2t+pat + ... (6)

Now we substitute (6) into the Small equations in order to obtain a general expression of
p(t) in terms of of gzzz. For the sake of simplicity we neglect all the terms of order higher
than the third and the intermodulations terms. If we force the Small equations to be satisfied
for the terms eP1?, ePritPat ePii+p2i+pat we can obtain an expression for g100, ¢g110 and g111
respectively. Namely ¢100 is a function of only linear parameters (Small transfer function),
while g110 depends also on 3 and § (even harmonics), and finally g111 is a function of « and v
too (odd harmonics). In appendix are reported the expressions of g100, g110 and g111.

Then to obtain the acoustic pressure starting from the displacement z(t), the polynomial
system is followed by a linear system which is defined by

_SPL

2(jw) = S )

where S PL is the sound pressure level curve ( module and phase ) measured under small signal
conditions and normalized to a 2 Volt sinusoidal input.
Thus we obtain the loudspeaker model sketched in figure 2.

e(t) h1( t1) ? X(t) Z(S) ‘ P(t)
ho(tit,) +
hy(tit,ts)

Figure 2: Loudspeaker model through a Volterra series expansion.

It can be easily proofed that this is equivalent to a polynomial system of the same order
where the kernels can be expressed by Wi(s),1 =1,...,3.

Wi(s) = gl10(s)Z(s)
Wa(s1,82) = Hy(s1,82)Z(s1 + S2)
Wi(s2,82,83) = Hi(ss,s2, $3)Z(s2 + s2 + s3)



Cone diameter | 130 mm 165 mm 200 mm
R. () 1.87 3.16 6.9
M., (Kg) 8.90*10~2 | 13.9*%10~3 | 31*10~3
R,, (Kg/s) 1.18 0.43 0.44
S, (m?) 84.9%107% | 134.787% | 224*10~*
L. (H) 0.3*10~% | 0.51*1073 | 1.77*1073
B10 (T) 2.94 42 10.9
Crm (%) 1.4%1073 | 0.4*10°3 | 0.3*10°3
KO (%) o o o
Tmax (M) 0.008 0.012 0.015
Ei, (V Vims) 5 8.9 12.6

If we consider a sinusoidal input to the system of fig 2 the output can be expressed as a sum
of three harmonics whose expressions are reported below.

Ein3

Ein

G100 = TglOO + 39111 Za(jw)
Ein?
G110 = —* ¢110Za(j2w)
Fn 3
G111 = 2 0111 Za(j3w)

Then the modeling issue is that of optimizing the response of the defined model to a sinu-
soidal input with the actual measurements performed in the same conditions. The first three
harmonics of the acoustic pressure are computed from the polynomial system characterized be-
fore. Then an optimization procedure parametric in «, §, v and ¢ is applied to minimize the
error between experimental results and the harmonics computed at previous point.

The optimization procedure was applied in order to match the experimental results obtained
measuring the SPL harmonics of three commercial loudspeaker in an anechoic room. Loud-
speaker physical and acoustic parameters are reported in table 3.

4 Results

The following figures report the comparison between simulation results of the Volterra model
of the considered loudspeaker and measurements data in terms of SPL harmonics.

For each kind of considered loudspeaker are reported the first, second and third harmonics,
and the Bl(z) and K (z) profiles after the optimization procedure. The measures used for com-
parison are obtained using an input signal of rms value equal to 5 V for the 130m loudspeaker,
to 8.9 V for the 165mm and to 12.6 V for the 200mm. In figs. 18, 19, 20, 21, 22 are reported
comparison obtained when the input signal applied to the 200mm loudspeaker has an rms value
of 11 V.
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Figure 3: Comparison between measurements and simulation of first harmonics of 130mm.
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Figure 4: Comparison between measurements and simulation of first harmonics of 130mm.
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Figure 5: Comparison between measurements and simulation of first harmonics of 130mm.
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Figure 6: Optimal Bl(z) profile for 130mm, the values of o and 3 are reported.
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Figure 7: Optimal K (z) profile for 130mm, the values of - and § are reported.
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Figure 8: Comparison between measurements and simulation of first harmonics of 165mm.
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Figure 9: Comparison between measurements and simulation of first harmonics of 165mm.
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Figure 10: Comparison between measurements and simulation of first harmonics of 165mm.
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Figure 11: Optimal Bl(z) profile for 165mm, the values of « and 3 are reported.
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Figure 12: Optimal K (z) profile for 165mm, the values of « and J are reported.
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Figure 13: Comparison between measurements and simulation of first harmonics of 200mm.

They confirm that the model can be effective and quite general as far as low-frequency loud-
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Figure 14: Comparison between measurements and simulation of first harmonics of 200mm.
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Figure 15: Comparison between measurements and simulation of first harmonics of 200mm.
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Figure 16: Optimal B!(z) profile for 200mm, the values of « and 3 are reported.
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Figure 17: Optimal K (z) profile for 200mm, the values of y and § are reported.

speakers are concerned. Moreover the amplitude of the driving signal is so that we are not in
weakly non-linear conditions, and we could expect that the proposed model would not be effec-
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Figure 18: Comparison between measurements and simulation of first harmonics of 200mm
(input rms amplitude 11V).

tive. In fact with a low amplitude input signal the error between simulation and measurements
is lower, but the global results is fine even in worse conditions, validating the effectiveness of
the proposed structure.

The main interesting characteristics is that it is possible to describe the dynamic behavior
of loudspeakers only through standard acoustic measurements The parameters obtained this
way can be successfully used within commercial DSP systems to obtain an effective sound
equalization and distortion compensation, as it was performed in [12].

5 Appendix

Volterra Kernel expressions in the Matlab [13] syntax.
alfa= o, beta = 3, gamma =+, delta= ¢, Rm = R,,, Re = Re, . ..
[1=j73x2xmx fl
[2=7%x2xmx f2
3=j3x2xmx f3

First Kernel ( linear transfer function )

gl00 = - ( B1O ./
( (-(B10.72.*11)) - KO.*L.*11 - L.*11."73.*Mm -
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Figure 19: Comparison between measurements and simulation of first harmonics of 200mm
(input rms amplitude 11V).

KO.*Re - 11.72.*Mm.*Re -~ ... L.*11.72.*Rm - 1ll1l.*Re.*Rm -
Bs.*L.*11.73.*Sr."2 - As.*L.*11.74.*Sr."2 - ..
Bs.*11."2.*Re.*Sr.”2 - As.*11."3.*Re.*Sr."2));

Second kernel

gll0 = -(beta.*B10.*g010 + beta.*B10.*gl00 -
3.*beta.*g010.*g100.*K0.*L.*11 -
.*delta.*g010.*g100.*K0.*L.*11 -
.*beta.*g010.*gl00.*K0.*L.*12 -
.*delta.*g010.*gl00.*K0.*L.*12 -
.*beta.*g010.*gl00.*L.*11."3.*Mm -
beta.*g010.*gl100.*L.*11.72.*12.*Mm -
beta.*g010.*gl00.*L.*11.*12.72.*Mm -
. *beta.*g010.*g100.*L.*12."73.*Mm -
.*beta.*g010.*gl00.*K0.*Re -
.*delta.*g010.*gl00.*K0.*Re -
.*beta.*g010.*g100.*11."72.*Mm.*Re -
.*beta.*g010.*g100.*12.72.*Mm. *Re
.*beta.*g010.*g100.*L.*11.72.*Rm -
.*beta.*g010.*gl00.*L.*11.*12 . *Rm -
.*beta.*g010.*gl00.*L.*12.72.*Rm -
.*beta.*g010.*g100.*11.*Re.*Rm -
.*beta.*g010.*gl00.*12.*Re.*Rm - ...
.*beta.*Bs.*g010.*g100.*L.*11.73.*Sr."2 -

NN W N

NN NN NN NN DN N
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Figure 20: Comparison between measurements and simulation of first harmonics of 200mm
(input rms amplitude 11V).

2.*As.*beta.*g010.*g100.*L.*11.74.*Sr."2 -
beta.*Bs.*g010.*gl100.*L..*11.72.*%12.*Sr."2 -
As.*beta.*g010.*gl00.*L.*11.73.*12.*Sr."2 -
beta.*Bs.*g010.*gl00.*L.*11.*12.72.*Sr. "2 -
2.*beta.*Bs.*g010.*g100.*L,.*12.73.*Sr."2 - ..
As.*beta.*g010.*g100.*L.*11.*12.73.*Sr."2 - .
2.*As.*beta.*g010.*g100.*L.*12."74,.*Sr. "2 -
2.*beta.*Bs.*g010.*g100.*11."2.*Re.*Sr."”
2.*As.*beta.*g010.*gl00.*11 .*Re.*Sr."”
2
2
/

NN
|

.73
.*beta.*Bs.*g010.*g100.*12."2 . *Re.*Sr."”
.*As.*beta.*g010.*g100.*12."3.*Re.*Sr."”
g010) - B10 ./gl00 + KO0.*Re -

) A

(-(B10O
4.*As . *L.*11.73.*%12.*Sr."2 + ...

11.7°2.*(-6.*As.*L.*12,72.*%Sr."2 + 12.*(-3.*L.*Mm -

3.*Bs.*L.*Sr."2 - 3.*As.*Re.*Sr."2)) +
11.*(-4.*As.*L.*12.73.*%Sr. 2 +

12.72.%(-3.*L.*Mm - 3.*Bs.*L.*Sr."2 - 3.*As.*Re.*Sr."2) +

12.*(-2.*L.*Rm + Re.*(-2.*Mm - 2.*Bs.*Sr."2))));

Third Kernel
glll = - ( glllnuml + glllnum2 + glllnum3 + glllnumd4 ) ./ glllden;

where
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Figure 21: Optimal Bl(z) profile for 200mm, the values of o and 3 are reported (input rms
amplitude 11V).
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Figure 22: Optimal K (z) profile for 200mm, the values of v and ¢ are reported (input rms
amplitude 11V).
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glllnuml = 2.*alpha.*B10.*g001.*g010 + beta.*Bl0.*g01ll +
2.*alpha.*B10.*g001.*g100 + 2.*alpha.*B10.*g010.*gl00 +
beta.*B10.*gl01l + beta.*B1l0.*gll0 -
8.*alpha.*g001.*g010.*g100.*K0.*L.*11 -

4 .*beta.”2.*g001.*g010.*gl00.*K0.*L.*11 - ...
10.*beta.*delta.*g001.*g010.*gl100.*K0.*L.*11 -
6.*gamma .*g001.*g010.*gl00.*K0.*L.*11 -
3.*beta.*g011.*g100.*K0.*L.*11 -
2.*delta.*g011.*g1l00.*K0.*L.*11 -

.*beta.*g010.*gl01.*K0.*L.*11 -

.*delta.*g010.*gl01.*K0.*L.*11 -

.*beta.*g001.*gl10.*K0.*L.*11 -

.*delta.*g001.*g110.*K0.*L.*11 - ...

.*alpha.*g001.*g010.*gl100.*K0.*L.*12 -

.*beta.”2.*g001.*g010.*gl00.*K0.*L.*12 -

0.*beta.*delta.*g001.*g010.*g100.*K0.*L.*12 -

.*gamma . *g001.*g010.*gl00.*K0.*L.*12 -

.*beta.*g011.*gl00.*K0.*L.*12 -

.*delta.*g011.*gl00.*K0.*L.*12 -

.*beta.*g010.*gl01.*K0.*L.*12 -

.*delta.*g010.*gl01.*K0.*L.*12 -

.*beta.*g001.*gll0.*K0.*L.*12 -

.*delta.*g001.*gl10.*K0.*L.*12 -

.*alpha.*g001.*g010.*g100.*K0.*L.*13 -

.*beta.”2.*g001.*g010.*gl100.*K0.*L.*13 - ..

0.*beta.*delta.*g001.*g010.*gl100.*K0.*L.*13 -

.*gamma.*g001.*g010.*gl00.*K0.*L.*13 -

.*beta.*g011.*gl00.*K0.*L.*13 -

.*delta.*g011.*gl100.*K0.*L.*13 -

.*beta.*g010.*gl101.*K0.*L.*13 -

.*delta.*g010.*gl01.*K0.*L.*13 -

.*beta.*g001.*gl110.*KO0.*L.*13 -

.*delta.*g001.*gl10.*K0.*L.*13 - ..

.*alpha.*g001.*g010.*g100.*L.*11."3.*Mm -

.*beta.”2.*g001.*g010.*gl1l00.*L.*11."3.*Mm -

.*beta.*g011.*gl00.*L.*11.73.*Mm -

.*beta.*g010.*g101.*L.*11."3.*Mm -

.*beta.*g001.*g110.*L.*11."73.*Mm - ...

.*alpha.*g001.*g010.*g100.*L.*11.72.*12. *Mm -

beta.”2.*g001.*g010.*g100.*L.*11.72.%12.*Mm -

beta.*g011.*gl100.*L.*11.72.*12,*Mm -
beta.*g010.*gl101.*L.*11.72.*12.*Mm - ...
6.*beta.*g001.*g110.*L.*11.72.*12.*Mm - ...
2.*alpha.*g001.*g010.*g100.*L,.*11.%12.72.*Mm -
beta.”2.*g001.*g010.*g100.*L.*11.%12.72.*Mm -
beta.*g011.*g100.*L.*11.*12.72.*Mm -
beta.*g010.*g101.*L.*11.*12.72 . *Mm - ...

6.*beta.*g001.*g110.*L.*11.%12.72.*Mm - .

4. *alpha.*g001.*g010.*g100.*L.*12."73.*Mm -

2.*beta.” 2.*g001.*g010.*g1l00.*L.*12."3.*Mm -

N NONDNDMDDNDEDNWNDWNWORE & ONWDN WK WO R oD WwhWw
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.*beta.*g011.*gl00.*L.*12."73.*Mm -
.*beta.*g010.*gl01l.*L.*12.73.*Mm -
.*beta.*g001.*g110.*L.*12.73.*Mm - ...
.*alpha.*g001.*g010.*g100.*L.*11.72.*13.*Mm -
beta.”2.*g001.*g010.*g100.*L.*11.72.*%13 . *Mm -
beta.*g011.*g100.*L.*11."72.*13.*Mm - ...
6.*beta.*g010.*gl01.*L.*11.72.*13 . *Mm -
beta.*g001.*gl110.*L.*11.72.*13.*Mm - ...
2.*beta.*g011.*gl00.*L.*11.*12.*13.*Mm -
2.*beta.*g010.*gl101 . *L.*11.*12.*13.*Mm -
2.*beta.*g001.*g110.*L.*11.*12 .*13.*Mm - ...
2.*alpha.*g001.*g010.*gl00.*L.*12.72.*13.*Mm -
beta.”2.*g001.*g010.*gl00.*L.*12.72.*%13.*Mm -
6.*beta.*g011.*gl00.*L.*12.72.*13,*Mm -
beta.*g010.*g101.*L.*12.72.*13,*Mm -
beta.*g001.*g110.*L.*12.72.*13.*Mm - ...
2.*alpha.*g001.*g010.*gl00.*L.*11.*13.72.*Mm -
beta.”2.*g001.*g010.*g100.*L.*11.*13.72.*Mm -
beta.*g011.*gl100.*L.*11.*13.72.*Mm - ...
6.*beta.*g010.*gl101.*L.*11.*13.72.*Mm -
beta.*g001.*g110.*L.*11.*13.72.*Mm - ...
2.*alpha.*g001.*g010.*g100.*L.*12.*13.,72.*Mm -
beta.”2.*g001.*g010.*gl100.*L.*12.%13.72.*Mm -
6.*beta.*g011.*gl00.*L.*12.*13.72.*Mm -
beta.*g010.*gl101.*L.*12.*13.72.*Mm -
beta.*g001.*g110.*L.*12.*13.72.*Mm - ...
.*alpha.*g001.*g010.*gl100.*L.*13.,"3.*Mm -
.*beta.”2.*g001.*g010.*g100.*L.*13.73.*Mm -

. *beta.*g011.*g100.*L.*13."3.*Mm -
.*beta.*g010.*g101.*L.*13."73.*Mm -
.*beta.*g001.*g110.*L.*13."3.*Mm -
12.*alpha.*g001.*g010.*gl100.*K0.*Re -
6.*beta.”2.*g001.*g010.*gl00.*K0.*Re -
12.*beta.*delta.*g001.*g010.*g100.*K0.*Re ;

NN
w w W

NN NN

- 6.*gamma.*g001.*g010.*gl100.*K0.*Re -
.*beta.*g011.*g100.*K0.*Re -
.*delta.*g011.*gl100.*K0.*Re -
.*beta.*g010.*gl0l.*K0.*Re -
.*delta.*g010.*gl01l.*K0.*Re -
.*beta.*g001.*gl10.*K0.*Re -
.*delta.*g001.*gll0.*K0.*Re -
.*alpha.*g001.*g010.*g100.*11."72.*Mm. *Re -
.*beta.”2.*g001.*g010.*g100.*11."2,*Mm.*Re -
.*beta.*g011.*gl100.*11.72.*Mm. *Re -
.*beta.*g010.*g101.*11."72.*Mm.*Re -
.*beta.*g001.*gl110.*11."72.*Mm.*Re -
.*beta.*g001.*g110.*11.*12 . *Mm. *Re -
.*alpha.*g001.*g010.*g100.*12."72.*Mm. *Re -
.*beta.”2.*g001.*g010.*g100.*12.72.*Mm.*Re -

glllnum?2

GG SO NC T NC T NG N Y SO NG S NS I S NS S ST
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NN DN DN NN DN RN DN DN DNDNEBD DN BN B NN B NNDNDDNDEEDNDDNDDDENNNDNDEDNNDDNDNDE ADNMDNDDND

.*beta.
.*beta.
.*beta.
. *beta.
. *beta.
.*alpha.*g001.*g010.*gl00.*13."72,*Mm.*Re -
.*beta.”2.*g001.*g010.*g100.*13."72.*Mm.*Re -
.*beta.*g011.*g100.*13.72.*Mm.*Re -
.*beta.*g010.*g101.*13.72.*Mm.*Re -
.*beta.*g001.*g110.*13.72.*Mm. *Re -
.*alpha.*g001.*g010.*g100.*L.*11."72.*Rm -
.*beta.”2.*g001.*g010.
.*beta.*g011.*gl00.*L.
.*beta.*g010.*gl01.*L.
.*beta.*g001.*g110.*L. e
.*alpha.*g001.*g010.*gl00.*L.*11.*12.*Rm -
. *beta
.*beta
. *beta
. *beta .
.*alpha.*g001.*g010.*g1l00.*L.*12,"2.*Rm -
.*beta.”2.*g001.*g010.
.*beta.*g011.*gl00.*L.
.*beta.*g010.*gl01.*L.
. *beta.*g001.*g110.*L. Ce
.*alpha.*g001.*g010.*g100.*L.*11.*13.*Rm -
.*beta.”2.*g001.*g010.
.*beta.*g011.*gl00.*L.
.*beta.*g010.*gl01.*L.
.*beta.*g001.*gl10.*L. .
.*alpha.*g001.*g010.*gl00.*L.*12.*13.*Rm -
.*beta.”2.*g001.*g010.
.*beta.*g011.*gl100.*L.
.*beta.*g010.*gl01.*L.
.*beta.*g001.*gl110.*L. .
.*alpha.*g001.*g010.*gl00.*L.*13."72.*Rm -
.*beta.”2.*g001.*g010.
.*beta.*g011.*gl100.*L.
.*beta.*g010.*gl01.*L.
.*beta.*g001.*gl10.*L. .
.*alpha.*g001.*g010.*gl00.*11.*Re.*Rm -
. *beta
. *beta
. *beta
. *beta .
.*alpha.*g001.*g010.*g1l00.*12.*Re.*Rm -
. *beta
. *beta
. *beta
. *beta

*g011.
*g010.
*g001.
*g010.
*g01ll.

*gl00.
*g101.
*g110.
*gl01.
*g100.

*12
*12
*12

*11.

*12

.72.*%g001.*g010.
.*g011.*g100.*L.
.*g010.*gl101.*L.
.*g001.*g110.*L.

.72 .*Mm.*Re -
.72 .*Mm.*Re -
.72 .*Mm.*Re -
*13.*Mm. *Re -
.*13.*Mm.*Re - ...

*gl100.*L.*11.72.*Rm -
*11.72.*Rm -
*11.72.*Rm -
*11.72.*Rm -

*g100.*L.*11.*12.*Rm -
*11.*12.*Rm -
*11.*12.*Rm -
*11.*12.*Rm -

*g100.*L.*12.72.*Rm -
*12.72.*Rm -
*12.72.*Rm -
*12.72.*Rm -

*gl00.*L.*11.*13.*Rm -
*11.*13.*Rm -
*11.*13.*Rm -
*11.*13.*Rm -

*gl00.*L.*12.*13.*Rm -

*12.*13.*Rm -
*12.*13.*Rm -
*12.*13.*Rm -

*gl100.*L.*13.72.*Rm -
*13.72.*Rm -
*13.72.*Rm -
*13.72.*Rm -

."2.*%*g001.*g010.*g100.*11.*Re.*Rm -
.*g011.*gl100.*11.*Re.*Rm -
.*g010.*g101.*11.*Re.*Rm -
.*g001.*g110.*11.*Re.*Rm -

."2.*%g001.*g010.*g100.*12.*Re.*Rm -
.*g011.*g100.*12.*Re.*Rm -
.*g010.*g101.*12.*Re.*Rm -
.*g001.*g110.*12.*Re.*Rm -
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.*alpha.*g001.*g010.*g100.*13.*Re.*Rm - .
.*beta.”2.*g001.*g010.*g100.*13.*Re.*Rm -
.*beta.*g011.*gl100.*13.*Re.*Rm -
. *beta.*g010.*g101.*13.*Re.*Rm -
.*beta.*g001.*g110.*13.*Re.*Rm - ..
.*alpha.*Bs.*g001.*g010.*g100.*L. *ll 3.*Sr.“2 ce
.*beta.”2.*Bs.*g001.*g010.*gl00.*L.*11.73.*%Sr."2 -
.*beta.*Bs.*g011.*gl00.*L.*11."73.*Sr."2 -
.*beta.*Bs.*g010.*g101.*L.*11.73.*Sr."2 -
.*beta.*Bs.*g001.*gl10.*L.*11.73.*3r."2 e
.*alpha.*As.*g001.*g010.*g100.*L.*11.74 .*Sxr."2 - ...
.*As.*beta.”2.*g001.*g010.*gl00.*L.*11.74.*Sr. 2 -
.*As.*beta.*g011.*gl00.*L.*11.74.*3r."2
.*As . *beta.*g010.*g101.*L.*11.74.*Sr."2 -
"2
~2.

.*As.*beta.*g001.*gll10.*L.*11.74.*Sr. - ...
.*alpha.*Bs.*g001.*g010.*gl00.*L.*11. *12.*Sr."2 -
beta.”2.*Bs.*g001.*g010.*g100.*L.*11."2.*12.*%Sr. "2 -~
beta.*Bs.*g011.*gl00.*L.*11.72.*12.*Sr."2 -
beta.*Bs.*g010.*gl101.*L.*11,72.*12 .*Sr."2 ~
6.*beta.*Bs.*g001.*g110.*L.*11.72.%12 .*Sr."2;

BN NN N NN NN DNDNDDNDN

glllnum3 = - 2.*alpha.*As.*g001.*g010.*g100.*L.*11."73.*12.*Sr."2 -
As.*beta.”2.*g001.*g010.*g100.*L.*11,73.*12.*Sr."2 -
As.*beta.*g011.*gl00.*L.*11,.73.%12.*Sr."2 -
As.*beta.*g010.*g101.*L.*11.73.*%12.*Sr."2 - ..
8.*As.*beta.*g001.*gl110.*L.*11."73.*12.*3r."2 - ...
2.*alpha.*Bs.*g001.*g010.*g100.*L.*11.*12.72.*Sr."2 -
beta.”2.*Bs.*g001.*g010.*g100.*L.*11.*12.72.*8r."2 -
beta.*Bs.*g011.*g100.*L.*11.*12.72.*Sr."2 -
beta.*Bs.*g010.*gl101.*L.*11.*12.72.*Sr."2 - ...
6.*beta.*Bs.*g001.*gl110.*L.*11.*12.72.*Sr."2 - ...
12.*As.*beta.*g001.*g110.*L.*11.72.*12.72.*Sr."2 -
.*alpha.*Bs.*g001.*g010.*gl100.*L.*12."73.*Sr." 2 -
.*beta.”2.*Bs.*g001.*g010.*g100.*L.*12."3.*Sr. 2 -
.*beta.*Bs.*g011.*gl00.*L.*12.73.*Sr."2 -
.*beta.*Bs.*g010.*g101.*L.*12."73.*Sr. "2 -
.*beta.*Bs.*g001.*g110.*L.*12.73.*Sr."2 - ...
.*alpha.*As.*g001.*g010.*g100.*L.*11.*12.73.*Sr."2 -
As.*beta.”2.*g001.*g010.*g100.*L.*11,*12.73.*Sr."2 -
As.*beta.*g011.*gl00.*L.*11.*12."73.*3r."2 ~
As.*beta.*g010.*g101.*L.*11.*12.73.*3r."2 - ..
.*As.*beta.*g001.*g110.*L.*11.*12,"3.*3r."2 -
.*alpha.*As.*g001.*g010.*g100.*L.*12.74.*Sr. "2 RN
.*As.*beta.”2.*g001.*g010.*glOO.*L *12.74.,.*Sr."2 -
.*As.*beta.*g011.*gl00.*L.*12.74 . .* "2
.*As.*beta.*g010.*g101.*L.*12.74 . .* "2
.*As.*beta.*g001.*gll10.*L.*12."4. *Sr "2 - L.
.*alpha.*Bs.*g001.*g010.*gl100.*L.*11.72.*13.*Sr."2 -
beta."2.*Bs.*g001.*g010.*g100.*L.*11."2.*13.*Sr."2 -
beta.*Bs.*g011.*gl00.*L.*11.72.*13.*Sr."2 -

BN NN DN

NN N NN
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glllnumd

6.
beta.*Bs.
2.
As . *beta.
As.*beta.
8.
As.*beta.*g001.*gl10.*L.
.*beta.*Bg.
. *beta.*Bg.
. *beta. *Bg.
.*As. *beta.
.*As. *beta.
.*alpha.*Bs.*g001.*g010.*g100.

N W w N NN

*beta.*Bs.*g010.*gl01.*L.*11.72.*13.*Sr."2 -
*g001.*gl10.*L,.*11.72.*13.*Sr."2 - ...
*As.*g001.*g010.*gl00.*L.*11.73.*13.*Sr."2
~2.*g001.*g010.*g100.*L.*11.73.*13.*Sr."2
*g011l.*gl00.*L.*11.73.*%13.*3r."2 - ..
*As.*beta.*g010.*gl01.*L.*11.73.%13.*Sr."2 -~
*11.7°3.*13.*Sr."2 - ...
*1,.*11.*12.%13.*%Sr."2 -
*,.*11.*12.%13.*%Sr."2 -
*1,.*11.*%12.*13.*Sr."2 -
*,,*11.72.*%12.*13.*Sr.
*,,*11.72,%12.*13.*Sr.

*alpha.

*g011.
*g010.
*g001.
*g010.
*g001.

*gl100.
*gl01.
*gll0.
*gl01.

*gl10. "2 -

"2
= .

*L.*12.72.%13.%Sr. "2

beta.”2.*Bs.*g001.*g010.*g100.*L.*12.72.*13.*Sr."2 -

6.
beta.*Bs.*g010.*gl01.*L.
beta.*Bs.*g001.*gl10.*L.
3.
3.
2.
As.*beta.”2.*g001.*g010.
8.
As.*beta.*g010.*gl01.*L.
As.*beta.*g001.*gl10.*L.
2.
beta.”2.*Bs.*g001.*g010.
beta.*Bs.*g011.*gl100.*L.

6.*beta.*Bs.*g010.*g101.*L.*11.*13.72.*Sr.
beta.*Bs.*g001.*g110.*L.*11.*13.72.*Sr."2 - ...
12.*As.*beta.*g010.*g101.*L.*11.72.*13.72.*3r."2 -
2.*alpha.*Bs.*g001.*g010.*gl100.*L.*12,*13,72.*Sr."2;
= - beta.”2.*Bs.*g001.*g010.*g100.*L.*12.*13.72.%Sr." 2
6.*beta.*Bs.*g011.*gl00.*L.*12.*%13.72.*Sr."2 -~
beta.*Bs.*g010.*g101.*L.*12.*13.72.*Sr."2 -
beta.*Bs.*g001.*gl10.*L.*12.*13.72.*Sr."2 - ...
3.*As.*beta.*g011.*g100.*L.*11.*12.*13.72.*Sr."2 -
3.*As.*beta.*g010.*g101.*L.*11.*12.*%13.72.*%Sr."2 -
12.*As.*beta.*g011.*gl100.*L.*12.72.*%13.72.*Sr."2 -

4.
.*beta.”2.*Bs.*g001.*g010.
.*beta.*Bs.*g011.*g100.*L.
.*beta.*Bs.*g010.*gl01.*L.
.*beta.*Bs.*g001.*g110.*L.
.*alpha.*As.*g001.*g010.*gl00.*L.

NN NN

*[,,*12,72.*%13.*Sr. 2 -
*12.72.*13.*%8r."2 -
*12,.72.*13.*Sr."2 - ...
*As . *beta.*g011l.*gl00.*L.*11.*%12.72.*%13.*%Sr. "2 -
*As.*beta.*g001.*gl10.*L.*11.*12.72.*%13.*Sr. "2 -
*alpha.*As.*g001.*g010.*g100.
*g100.*L.*12.73.%13.*8r."2
*L,.*12.73.*%13 .*Sr."2 -
*12.73.*%13.*%Sr."2 -
*12.73.*13.*%Sr."2 - ...
*alpha.*Bs.*g001.*g010.*g100.*L.*11.*13."72,*8r."2
*g100.*L.*11.*13.72.*8r." 2
*11.%13.72.*%Sr."2 - ...
"2 - L.

*beta.*Bs.*g011l.*gl100.

*As . *beta.*g011.*gl100.

*alpha.*Bs.*g001.*g010.*gl00.*L.*13.73,*Sr."2

*Sr. "2 -

*Sr." "2 -

*Sr."2 - ...
*]1.*%13.73.*Sr." 2

*13.73.
*13.73.
*13.73.

!

As.*beta.”2.*g001.*g010.*g100.*L.*11.*13.73.*Sr." "2 -
As.*beta.*g011.*g100.*L.*11,.*13.73.*Sr."2 -

8.

*Ag . *beta.*g010.*gl01.*L.*11.*13.73.*Sr." 2 -

Ag.*beta.*g001.*gl10.*L.*11.*13.7°3.*Sr."2 - ...
2.*alpha.*As.*g001.*g010.*g100.*L.*12.*13.73.*Sr."2 -
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*L.*12.73.*%13.%Sr."2

H

*g100.*L.*13.73.*Sr."2 -



As.*beta.”2.*g001.*g010.*g100.*L.*12.*13.73.*3Sr. "2 -
8.*As.*beta.*g011.*g100.*L.*12.%13.73.*Sr. "2 -
As.*beta.*g010.*gl01.*L.*12.*13.73.*Sr. 2 -
As.*beta.*g001.*gl10.*L.*12.*13.73.*Sr."2 - ...
.*alpha.*As.*g001.*g010.*gl100.*L.*13.74.*Sr."2 - ...
.*As ., *beta.”2.*g001.*g010.*gl00.*L.*13.74 .*%Sr."2 -
.*As . *beta.*g011.*g100.*L.*13.74.*Sr." "2 -
.*As.*beta.*g010.*gl01.*L.*13.74.*Sr. 2 -

.*As . *beta.*g001.*g110.*L.*13.74.*3r."2 - ...
.*alpha.*Bs.*g001.*g010.*g100.*11."2.*Re.*Sr."2 - ...
.*beta.”2.*Bs.*g001.*g010.*g100.*11."2.*Re.*Sr." "2 -
.*beta.*Bs.*g011.*g100.*11.72.*Re.*Sr."2 -
.*beta.*Bs.*g010.*gl101.*11."2.*Re.*Sxr. "2 -

. *beta.*Bs.*g001.*g110.*11."2.*Re.*Sr."2 - ...
.*alpha.*As.*g001.*g010.*g100.*11."3.*Re.*Sr."2 - ...
.*As.*beta.”2.*g001.*g010.*g100.*11."3.*Re.*Sr."2 -
.*As . *beta.*g011.*g100.*11."3.*Re.*Sr. "2 -~

.*As . *beta.*g010.*g101.*11."3.*Re.*Sr. "2 -
.*As.*beta.*g001.*g110.*11."3.*Re.*Sr. "2 -
.*beta.*Bs.*g001.*g110.*11.*12.*Re.*Sr."2 - ...
.*As . *beta.*g001.*g110.*11.72.*12.*Re.*Sr."2 - ...
.*alpha.*Bs.*g001.*g010.*g100.*12."2.*Re.*Sr."2 - ..
.*beta.”2.*Bs.*g001.*g010.*gl00.*12."2.*Re.*Sr." "2 -
.*beta.*Bs.*g011.*gl100.*12,"2.*Re.*Sr. "2 -
.*beta.*Bs.*g010.*gl01.*12."2.*Re.*Sr. "2 -
.*beta.*Bs.*g001.*gl110.*12."2.*Re.*Sr."2 - ...
.*As.*beta.*g001.*g110.*11.*12."72.*Re.*Sr."2 - ...
.*alpha.*As.*g001.*g010.*g100.*12."3.*Re.*Sr."2 - ...
.*As.*beta.”2.*g001.*g010.*g100.*12."3.*Re.*Sr." "2 -
.*As.*beta.*g011.*g100.*12."3.*Re.*Sr. "2 -

.*As . *beta.*g010.*g101.*12."3.*Re.*Sr."2 -~
.*As, *beta.*g001.*gl110.*12."3.*Re.*Sr."2 -
.*beta.*Bs.*g010.*gl101.*11.*13.*Re.*Sr. "2 - ...
.*As.*beta.*g010.*g101.*11.72.*13,.*Re.*Sr. "2 -
.*beta.*Bs.*g011.*gl100.*12.*13.*Re.*Sr. "2 - ...
.*As.*beta.*g011.*gl100.*12,"2.*13.*Re.*Sr." "2 -
.*alpha.*Bs.*g001.*g010.*g100.*13."72.*Re.*Sr." 2 RN
.*beta.”2.*Bs.*g001.*g010.*g100.*13."2.*Re.*Sr." "2 -
.*beta.*Bs.*g011.*gl00.*13."72.*Re.*Sr."2 -
.*beta.*Bs.*g010.*gl01.*13.72.*Re.*Sr. 2 -
.*beta.*Bs.*g001.*g110.*13.72.*Re.*Sr."2 - ...
.*As.*beta.*g010.*g101.*11.*13."72.*Re.*Sr. "2 -
.*As.*beta.*g011.*gl100.*12.*13."2.*Re.*Sr."2 -~ ...
.*alpha.*As.*g001.*g010.*g100.*13."3.*Re.*Sr."2 - ...
.*As.*beta.”2.*g001.*g010.*g100.*13."3.*Re.*Sr." "2 -
.*As.*beta.*g011.*g100.*13."3.*Re.*Sr."2 -
.*As.*beta.*g010.%gl101.*13."3.*Re.*Sr."2 -
.*As.*beta.*g001.*g110.*13."3.*Re.*Sr."2;

NN N RO DNDNDRNDNES OGO E O NDNDNDNDE OGN DNDDN DN R OE NN NEDNDNDNDDNDERDNNDNDDNA

glllden = -(B10./g001) - B10./g010 - B10./gl00 + 2.*K0.*Re -
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4 ,*Ag.*,.*12.73.*13.*Sr." "2 +

11.73.*(-4.*As.*L.*12.*Sr."2 - 4.*As.*L.*13.*Sr."2) +
12.72.%(-6.*As . *L.*13.72.*%Sr. "2 +

13.*(-3.*L.*Mm - 3.*Bs.*L.*Sr."2 - 3.*As.*Re.*Sr."2)) +
11.72.%(-6.*As.*L.*12.72.*Sr."2 - 6.*As.*L.*13.72.*Sr."2 +
13.%(-3.*L.*Mm - 3.*Bs.*L.*Sr."2 - 3.*Ag.*Re.*Sr."2) +
12.*(-3.*L.*Mm - 3.*Bs.*L.*Sr."2 - 12.*As.*L.*13.*Sr."2 -
3.*As.*Re.*Sr."2)) +

12.*(-4.*As.*L.*13.73.*Sr." 2 + ...

13.72.*%(-3.*L.,*Mm - 3.*Bs.*L.*Sr."2 - 3.*As.*Re.*Sr."2) +
13.*(-2.*L.*Rm + Re.*(-2.*Mm - 2.*Bs.*Sr."2))) +
11.*{-4.*As.*L.*12.73.*%Sr."2 - 4.*As.*L.*13,73.*Sr."2 + ...
13.72.*%(-3.*L.*Mm - 3.*Bs.*L.*Sr."2 - 3.*Asg.*Re.*Sr."2) +

12.72 . * (-3 ,*L ., *Mm - 3.*Bs.*L.*Sr."2 - ...
12.*As . *L.*13.*Sr.”2 - 3.*As.*Re.*Sr."2) +
13.*(-2.*L.*Rm + Re.*{(-2.*Mm - 2.*Bs.*Sr."2)) +

12 .*(-2.*L.*Rm - 12.*As.*L.*13.72.*Sr."2 +

Re.*(-2.*Mm - 2.*Bs.*Sr."2) +

13.*%(-6.*L.*Mm - 6.*Bs.*L.*Sr."2 - 6.*As.*Re.*Sr."2)));
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